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Abstract 

A notion of a particular integrability is introduced when two operators commute on a sub- 
space of the space where they act. Particular integrals for one-dimensional (quasi)-exactly-solvable 
Schroedinger operators and Calogero-Sutherland Hamiltonians for all roots are found. In the clas- 
sical case some special trajectories for which the corresponding particular constants of motion 
appear are indicated. 
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Assume that ipo is a common eigenfunction for two algebraically-independent operators 
A and B: A(p$ = aofo and Btpo = bofo- It is evident that the commutator [A, B](fo = 0. 
The best-known example is related to the harmonic oscillator Hamiltonian in the second 
quantization representation, H(p,x) = {a + a~} + = A, then B(p,x) = a~ commutes with H 
over the vacuum, [H, a~}\0 >= 0. By taking a straightforward classical analogue H(p, x) — > 
H(p, x) and B(p, x) — > B(p, x), one can ask whether there exists a trajectory for which the 
Poisson bracket {H, B} vanishes? This trajectory really exists and corresponds to p = x = 0, 
when the particle stands at the bottom of the potential. For this trajectory the energy E 
is equal to zero as well as B = 0. It is not periodic unlike all other trajectories at E ^ 0. 
Such a trajectory we will call special. 

It is evident that if for operators A and B there exists a number of common eigenfunctions 
{y?o}; the commutator [A, B] annihilates a space V p spanned by {tpo}. At the same time 
V p is the invariant subspace for both A and B. In more general terms, if we take two 
operators A, B acting on a space V and assume that for a subspace V p C V, the commutator 
[A, B] : V p — > {0} and both operators A, B have V p as an invariant subspace A, B : V p — > V p , 
then the operators A, B are called particular integrals (7r-integrals). It can easily be shown if 
[A, B] : V p — > {0}, and the operator A has V p as an invariant subspace and non-degenerate, 
with all eigenvalues of multiplicity one, then the operator B has V p as an invariant subspace. 
Thus, 7r-integrability implies the existence of the common eigenfunctions of two spectral 
problems A(B)ip = a(b)(p, where a(b) are spectral parameters. If the dimension of V p is 
finite, dimV^ < oo, the operators become quasi-exactly-solvable, for which a finite number 
of eigenfunctions can be found explicitly by algebraic means (for a review, see It allows 
us to connect quasi-exact-solvability with particular integrability. It is worth noting an 
important particular case of 7r-integrals when A : V p — > V p and B : V p — > {0}, hence V p 
is the kernel space or the space of zero modes of B. Another example of 7r-integrals is 
when A{B) are operators which depend on different variables; the bispectral problem by 
Duistermaat-Griinbaum jsj is a particular case of it. If the common eigenfunctions form a 
complete basis, hence, V p — V, the commutator [A, B] = 0. This situation corresponds to a 
standard integrability. 

The classical counterpart of 7r-integrability implies that the Poisson bracket {A, B} may 
vanish on some special trajectories. These trajectories can be called superintegrable: they 
are characterized by a larger number of constants of motion than generic ones. It is not 
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clear whether quantum 7r-integrability implies always the existence of physical special tra- 
jectories; they might be complex or might not exist at all. The goal of this paper is to study 
quantum 7r-integrals of the one-dimensional (quasi)-exactly-solvable Schroedinger equations, 
the Calogero-Sutherland systems for all roots and their classical counterparts, the classical 
7r-integrals and related special trajectories. 

Take the algebra gli in in + l)-dimensional representation realized by the first order 
differential operators 

J- = ± 
dt ' 

J° n = tj t -n, T° = 1 (1) 

where n = 0, 1, . . ., T° is the center element. The finite-dimensional representation space is 
the space of polynomials of degree not higher than n, 

V n = (l,t,t 2 ,...,t n ) = (t k \ < k<n) . (2) 

The generator J~ is lowering operator or filtration (of the grading -1) 

Hence, V n is the kernel of (J~) n+1 . It is evident that any non-trivial element h of the 
universal enveloping algebra U g i 2 taken in the realization ([1]) commutes with 

t x) - (n n+1 , (3) 



as well as with 



over V n , namely, 



% 



k 

) = (J-)^J](J° + j) , fc = ,l,...n, (4) 

3=0 



[h,iW] :V n ^ , k = -1,0,1,... n . (5) 



(k) 

Hence, with respect to h any in ,k = — 1, 0, 1, . . .n is ir- integral over V n and its grading 
deg(in^) = —{n — k). For any in^ the space V n is the space of zero modes. Hence, all these 
7r-integrals are in involution, 
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Operators m = — 1,0, l,...n are generating elements of some infinite-dimensional 

algebra. This is the algebra of differential operators for which any element has the space V n 
as the kernel. 

Any element e of the universal enveloping algebra U g i 2 , that does not contain the generator 
J+, preserves the infinite flag V, 

V C Vi C V 2 C . . . C V p C . . . , 

therefore 

[e,i$]:V p H- 0, fc = -l,0,l,2,...m (6) 

for any m — 0, 1, . . . and p < m. It seems evident, that there is no 7r— integral in a form of 
an element of U g i 2 other than a polynomial /(e) which commutes with e over any 

Take a quadratic element /i 2 of the universal enveloping algebra U g i 2 in the realization 

h 2 = C ++ J+Jn + C+O-C J^i + C +~JnJ~ + c Q-JnJ~ + C J~ J~ + 

C + J+ + CoJ° + C-J~ + C, (7) 

where c a p,c a ,c G R are parameters, their number is par(h 2 ) = 9. Substituting ((Tj) into (0) 
we obtain the Heun operator 

M*) = -^W^ + Ps(t)j t + , (8) 

where the Pj(t) is a polynomial of jth order with coefficients related to c a /3, c a and n, that can 
be easily calculated. In general, the operator ([8]) is diagonalizable, it has (n+ 1) polynomial 
eigenfunctions in the form of a polynomial in t of nth degree, hence, this is a quasi-exactly- 
solvable operator. Every polynomial eigenfunction is an element of V n . Moreover, it is known 
that the operator h 2 (t) is the most general quasi-exactly-solvable second-order differential 
operator acting in the space of monomials In explicit form, the 7r-integral ih ^ for h 2 (t) 
has the form, 

4->M = • (») 

while the 7r-integral in is 

jn-k k J 

i$\t) = «]J(tj-n+i), fc = 0,l,...n. (10) 

i=0 
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Hence, Ji2(t) and all in (t), k = —1,0, l,...n have (n + 1) common eigenfunctions in the 
form of a polynomial in t of nth degree. For any in these polynomial eigenfunctions are the 
zero modes. This explains quasi-exact-solvability of (jHJ) as a consequence of the existence of 

(k) 

the 7r-integral i n , k — —1, 0, 1, ... n. 

The commutativity ([5]) remains unchanged under a gauge (similarity) transformation of 
operators and space V n with consequential change of variable t ^ x, 

[H(x),l n k \x)}:V n H- , (11) 

where 

n(x) = e~ A ^ h(t) e A % =t(x) , X n k \x) = e" A « e A % =t(x) 

and 

V n = e ~ mx)) <t k (x)\0<k<n> . (12) 

Taking the gauge phase 

A(t) = J (j^Jdt-logx' , 

and changing the variable 

x(t) = ± 



/Pa 

we arrive at "H(x) in the form of the Schroedinger operator 

H(x) = ~ + V(x) , V(x) = (A[f{t(x)) - A'Mx)) + P 2 (t(x)) . (13) 

Taking the set of the coefficients c a p, c a in (J7J) accordingly, one can obtain the Hamiltonians 
of all ten known ID quasi-exact ly- solvable Schroedinger equations with hidden algebra gl 2 
In this case V n is the subspace of the Hilbert space. The gauge transformed 7r-integrals 



ui an 

Mi. 



OH]), f lTUj) become quantum 7r-integrals, 



= (j t +AT +1 \t=t {x) , T^\x) = (l +AX- k fl(tj +tA' t -n + j)\ t=t{x) . (14) 

3=0 

Replacing the momentum operator by classical momentum 

d 

— = tp ^ ip (15) 

in (|T4|) . the classical counterparts of 7r-integrals occur, In ^ (p, x) = T n k ^ (p, x). In general, they 
have a form of a finite-degree polynomial in p with singular coefficient functions, hence, they 



are singular functions on the phase space and can cease to exist some trajectories. Usually, 
the only classical tt- integral function, which is non-singular, is 1% (p, x) = I n {p, x). A natural 
question to ask is whether there exists a special trajectory(ies) {s(p, x)} for which I n (p, x) is 
a constant. For those trajectories the Poisson bracket vanishes, {H(p, x), I n (p, x)} s ( p ^ = 0. 
For all known quasi-exactly-solvable Hamiltonians, special trajectories exist. They corre- 
spond to a particle at rest at extreme of the potential. 

Let us consider a particular case of QES sextic anharmonic oscillator, which is the only 
ID polynomial potential with QES property. It is described by a quadratic combination in 
gl 2 — generators (1), 

h 2 , P = -4J°J~ + 4aJ+ + 46J° - 2(n + 1 + 2q) J~ + 2bn (16) 

or, as the second order differential operator, 

d 2 d 
h 2>p (t) = -4t— + 2(2at 2 + 2bt-l-2q)—- Aant , 

where t e [0, oo) and a > 0, Vfe or a > 0, b > . Putting t = x 2 and choosing the gauge 
phase as follows 

at 2 bt q , 

A — 1 In t , 

4 2 2 

we arrive at the Hamiltonian ( !T3|) with the potential j^] (see also 

V 6 {x) = a 2 x 6 + 2abx 4 + [b 2 - (4n + 3 + 2q)a]x 2 - 6(1 + 2q), (17) 

for which q = (q = 1) and the first (n + 1) eigenfunctions, even (odd) in x, can be found 
algebraically. Of course, the number of those "algebraic" eigenfunctions is nothing but the 
dimension of the irreducible representation of the gl 2 — algebra (CD). These (n + 1) "algebraic" 
eigenfunctions have the form 

^ n \x) = i«fc(i 2 )e-T-T , (18) 

where p n is a polynomial of degree n. Quantum 7r-integral I n (x) = X < ^ l \x) becomes 

1 n d 

Zn{x) = ^ H( X J^ + ax * + bx 2 -q-2n + 2j) . (19) 

3=0 X 

It is easy to give a direct proof that the Hamiltonian T-Lq(x) with the potential fTT7|) commutes 
with Z„(x), 

d 2 

+ V e (x), l n (x)} : V n ^ . 



dx 2 



Replacing the operator of momentum by the classical momentum (fT5l) in H^x) and T n (x) 
we get a classical Hamiltonian H$ and a classical analogue of the ir— integral, 



1 - 

!n(p, x) = — + ax 4 + 6x 2 - q - 2n + 2j) . (20) 
The Poisson bracket has a form 



2' 

3=0 



{H 6 (p,x),I n {p,x)} = 2p — — ^— xQ(p,ar) , 

where Q(p,x) is a polynomial in p, x of the degree n in p. It is evident that the Poisson 
bracket vanishes for trajectories given by 

,= 0,^ = 0. (2!) 

Therefore, the special trajectories correspond to a system at rest standing at (un)stable 
points of equilibrium. Hence, I n (p,x) is a constant for these trajectories; this is a classical 
it— integral. Of course, the values of Hq, I n (p, x) for these trajectories can be found explicitly. 
In particular, for the trajectory p = x = 0, the energy Hq(0,0) = and the n— integral 
I n (0, 0) = (-)" +1 n; =0 (f + n - j) at q = 1 and J n (0, 0) = at q = 0. 

Similar analysis can be carried out for all other QES problems ( !T2|) . [T3l) . Always the 
special trajectories correspond to a particle at rest at the extreme of the potential (12 ip . 

There exists a class of exactly-solvable multidimensional quantum systems with rational 
and trigonometric potentials (the Calogero- Sutherland models). Each system is associated 
to a Lie algebra g of rank N, with root space A. In the case of a rational potential the 
Hamiltonian in the Cartesian coordinates has the form, 

dx\ 

where R + G A is a set of positive roots in the root space A, x is a position vector and v\ a \ are 
coupling constants (parameters) which depend on the root length. The Hamiltonian ( l2~2"j) 
is invariant with respect to the Weyl (Coxeter) group transformation, which is the discrete 
symmetry group of the corresponding root space. If some roots are of the same length, then 
v\ a \ have to be equal, if all roots are of the same length like for A n , then all v\ a \ = v. The 
configuration space for ( 122]) is the Weyl chamber. The ground state wave function is written 
explicitly, 

^ r) W = II Ka-aOr-'e-^, (23) 

a€R+ 



N T r) 2 1 1 I 1 2 

^ = E ~h + 2 E " ■ ( 22 ) 



2 fc=i L 
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where Yl x2 = ^2 is the lowest order (quadratic) Weyl polynomial invariant. 

In the case of trigonometric potential the Hamiltonian in the Cartesian coordinates has 
the form, 



U 



(t) 



1 N 

-T 

k=l 



Q2 



a\ 



(24) 



where R + G A is a set of positive roots in the root space A, y is a position vector and fj,\ a \ 
are coupling constants depending on the root length. The Hamiltonian ( 1241) is invariant with 
respect to the affine Weyl (Coxeter) group transformation, which is the discrete symmetry 
group of the corresponding root space plus translations. For roots of the same length the 
coupling constants fi\ a \ are equal. The configuration space for (124"]) is the Weyl alcove. The 
ground state wave function is written explicitly, 



n 

a&R + 



sm-{a,y) 



(25) 



Extensive studies [6]- [15] had led to a conclusion that the gauge-rotated Hamiltonian 



I 



(n 



(r,t) 



(r,t)s. T Jr,t) 







h (r,t) 



in the space of orbits of (affine) Weyl (Coxeter) group becomes an algebraic operator - a 
differential operator with polynomial coefficients. Here E^'^ is the ground state energy of 
rational (trigonometric) model. It implies that a change of variables should be done from 
the Cartesian coordinates to the Weyl (Coxeter) polynomial invariants, 



(a ■ x) a , 



(26) 



where a's are the degrees of the Weyl (Coxeter) group and Q is an orbit, for the case of a 
rational potential. In the case of a trigonometric potential it has to be taken as new variables 
the Weyl (Coxeter) trigonometric invariants, 



Ta(y) =J^e l 



(27) 



where f2 a is the orbit generated by fundamental weight w a [20(. Furthermore, it was shown 
that any such algebraic operator has infinitely-many finite-dimensional invariant sub- 
spaces in a form of the "triangular" linear space of polynomials 



v (d) 

nj 



(t\Hf . . . C|0 < f m + f 2P2 + ... + f dP , < n) 

grading 



(28) 



where the "grades" /'s are positive integer numbers which are ordered in such a way that 
they are non- decreasing with the growth of i. If a notion of the characteristic vector is 
introduced 

/ — (A) /2, ■ ■ ■ fd) , 

it was shown that for a given root space A, the vector / is either the highest root or, the Weyl 
vector or, Weyl elector with the only exception for E s rational case where / is special (for 
a discussion see |17J). For any space ( 128]) one can indicate an infinite-dimensional algebra 
of differential operators for which V ^ is a common invariant subspace. Such an algebra 
is called hidden. It is evident that the algebraic operator hy^ is an element of the hidden 
algebra. For all studied root spaces this algebra is finitely-generated. It is found that among 
generating elements of the hidden algebra, the most symmetric generator (the Euler-Cartan 
operator) is always present 

^ 

Jn = ( 29 ) 
i=l 

which has zero grading and plays a role of constant acting as identity operator. It defines the 
highest weight vector. This generator allows us to construct the n- integral of zero grading 

n 

in® = U^n+j) (30) 
j=0 



such that 



[hMMt)]:VM H- 0. (31) 



This 7r-integral has no finite-dimensional invariant subspaces of the dimension higher than 
dim(P^l). Making a gauge rotation of ( 130]) with (see ( 123]) . ( 125]) . respectively) and 

changing variables t,r (see ( 126]) . ( 127]) . respectively) back to the Cartesian coordinates we 
arrive at the quantum 7r-integral In' t \x). It is a differential operator of the (n + l)th order. 
Under such a transformation the triangular space of polynomials V ~ becomes the space 

_ \[f( r , t )<p( d ) 
nj nj ' 

Needless to say that the Hamiltonian T-L^ r,t \x) commutes with Tn ,l \x), 

Replacing the operator of momentum by the classical momentum ( fl5]) in / HS r > t ) and In' t \x) 
we get a classical Hamiltonian H^ r,t \p,x) and a classical analogue of the n— integral 



In (p,x). It can be easily checked that the Poisson bracket {H^ r,t \ In } vanishes for 
trajectories which correspond to the particle at extremes of the potential at zero momentum 
similar to f )2T]) ). 

In this paper we introduced a notion of particular integrability, both quantum and classi- 
cal. In quantum mechanics particular integrability implies the existence of a certain number 
of common eigenf unctions of the Hamiltonian and a particular integral. In classical me- 
chanics it realizes the idea of the existence of a number of (special) trajectories which are 
characterized by a particular constant of motion. Hence, in such a way the property of 
particular integrability is preserved under the quantization, although a number of common 
eigenfunctions does not seem related with a number of special trajectories. We find an ex- 
plicit form for particular integral for all one-dimensional (quasi)-exactly-solvable problems as 
well as for Calogero-Sutherland models for all root spaces. In both cases the particular inte- 
gral looks especially easy in action on the space of polynomials parameterized by symmetric 
coordinates (it coincides to the space of orbits in the case of Weyl (Coxeter) symmetry). 
Its common eigenfunctions with the gauge-rotated Hamiltonian written in symmetric co- 
ordinates are given by finite-degree polynomials in those coordinates. Special trajectories 
correspond to standing particle at an extreme of the potential. The situation gets different 
for the case of the Magnetic Hamiltonians. For example, for two charges on the plane subject 
to a constant magnetic field the special trajectories appear as "well organized" among, in 
general, chaotic motion: they are either simply closed, or concentric, or parallel correspond- 
ing to a free motion 18[. For each of these trajectories a certain n— particular constants of 
motion can be indicated. In the quantum case the common eigenfunctions of the Hamil- 
tonian and 7T— particular integral(s) have the form of polynomial multiplied by some factor 



19]. 
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